In matrix form the system (1) is represented as -
T

]

= (4,4 a,.....a, |
Gy 8y By........dy,

—d
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i _‘
b,
and = B.= is a column matrix formed by the m-constants on right hand side of
-b” 4 mxl
he system (1).
Solution : A set of values of the n-unknowns G TINA ,x,,, which satisfy all the m-equations o

he system (1) simultaneously is called the solution of the system of equations (1).
Consistent system

A system of equations (1) is said to be consistent or compatible if the system possesses
sither one or an infinite number of solutions.

[nconsistent system
If the system of equation (1) has no solution then it is called inconsistent system.

2.2 System of homogeneous linear equations

If each constant value on the right hand side of the system (1) is equal to zero then (1) i
zalled the system of m-homogeneous equations in n-unknowns. It is given by.

@y X +app X Fiecannantay %, =0
oy Xy Xg Fevaeiiinans +a,,x,=0
..................................................... - (21
@ Xy F A XgFenneiinnns +a,, X, =
0]
0
In matrix form 4 X = 0 where 4 and X are as defined earlier while 0 =| - isam x 1 nul
\-0- mx|

matrix.
Trivial solution :

It is straight forward that any system of homogeneous equations possesses one solution
namely x, = 0, x, = Oyuuuuene: X = 0. This solution is called a zero solution or a trivial solution.
A 3 ¥ e
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= n-r>0
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= Asof&durmxn-
= p(4)=r<min(m n)
asei) Whenn<m: e, mmheroftmknomlswthanthenumhwef

= p(4) = r=norr<n,
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~ Matrices (Continued) 4
Subcase (a) When r=n: We know that AX= 0 has n - r=n — n = 0 non-zero solutions. Hence in
this case AX = 0 has only trivial solution.
Subcase (b) When r <n : The system AX = 0 has (n - r) linearly independent solutions.
Further any linear combination of these (1 - r) solution is again a solution AX = 0.

Hence AX = 0 has infinite number of solutions.
Case i) Whenm <n :ie., number of equations is less than number of unknowns.

We know that p(4) =r<m

= r<.n

=> n>r

= n-r<90

Hence there exist infinite number of solutions of AX = 0.
Caseiii) Whenm =n: ie., the number equations is equal to the number of unknowns :

In this case A is a square matrix of order n. To have a non-zero solution

n—r >0
= n>r =r<n
ie, p(4) <n
= |4]=0 (" |A|is a minor of order n)

= A is singular.

2.4 Solution of a system of homogeneous equations
Working rule :

Step 1 : Write the co-efficient matrix 4.

Step 2 : Apply the row-operations (only) to reduce 4 into the echelon form.

Step 3 : Find p(4)=r and check whether p(4)=r<n (ie., rank is less than the number of
unknowns) or not.

If r < n, conclude that there exist infinite solutions. On the other-hand if » = n conclude that
the system has only trivial solution.
Step 4 : If r < n, to find the solutions, re-construct the system of equation using the echelon form
of A. Clearly this system will have r number of equations.
Step 5 : To find n-unknowns using r-equations assign (n — r) unknowns with arbitrary values.
k,k, etc.

I g

Note : When m = n, first ensure |4| = 0 and then proceed.
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“ WORKED EXAMPLES

Example : 1
Wiz =0 )
g on-trivial solution.

Determine whether the system 3x + y+ 2z = 0 possesses an
2x43y+2=0

: has 3-equations in 3-unknowns This system to have a non-trivial soluﬁon‘ﬂ
iven system -equations in 3-unknowrs:
co-efficient matrix A must be singular 1.¢., |4]=0.
%3
Consider A= |3 1 2
gy ]
= U =101-6)-2(3-4)+3(9-2)
18#0 ie, |4 =0

Hence the system has only trivial solution.

Example : 2
Find the value of A for which the system x +3y+2z=0; x +A\y+3z=0;x+5y+4z=0}

a non-zero solution. Hence find the complete solution.

Solution :
S
Here A=[1 A 3
1574

Since there are th 1 i - i
bed: ree equations and three unknowns, for the existence of non-trivial solutid
4| =0
e, | =1 (41-15)-3 (4-3)+2 (5-1)=0
= 41—15—3+10~21=0
= 2L =8
= A=4
Thus for A =4, we have 4| =
’ =0 and hence the iven 1 :
Yow to find the solution : Rewritling A . PR A sk

5/50



Example : 3 o R
mu';..rm.ai s.“.m&? e 34y 4 22y
x + 2y + 3z = Lx possesses a non- solutions.
Solution :
m&mwufm
I+ (I)y+2=2=0
2 + gvi-a-ﬁ):nﬂ
“~ﬁ§” ."'.*""'h'“"hﬂmﬂﬁnfiﬁfﬁmﬁﬁy';l;“’f“
solutions, _ '

“"n-m
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is 3.
e, The aumber of non-zero rows 1
- pld) =3" number of unknowns.
trivial solutions.

exist no non- :
lutions.

=» Therc
Hence the system has only zero-sO

Example : 6 5
~x+y+z=0; 3x+y-2=03 2x42y=0
Solution :
e o
Here A= 3 1 -1
22 Y
= (% O8N0
= 4~]10 4 2
2
-1 1 1
ol A~|0 4 2
0 00

Since there are 2 non-zero rows
p(A) = 2 < 3, the number of unknowns.
The given system possesses a non-trivial solution.
Reconstructing the system from final form of 4, We get
-x+y +z=0
4y + 22=0
R)=>2+z=0 = y= —g

i

()23 —=4z=0=bx=—
2 2
Choose z = k arbitrarily, so that,

')l:T and,r=5

=

anct" Xe=

LSS -

~k
V= »= 1 :
, 5 v2 k represents the required solution.

R, — R, +2R)

(Rz—>R3—Rl.) |

—
— @)
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Solve 4x+6y—2z-2u=0 e
2% +3y+ z—u =0
3x—4y-2z+2u=0

.F‘hil_!U"Di! :ﬂaiq. i T Uﬁl!"’r’}-‘: B 'i} Al .llfd'r
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10. Solve ~2x +4x;+x% ~2x, =0
2%, -3, = x, 4%, =0

dx, +6x,-2x,-2x, =0 i8¢

p , .
(Ans: x; = EI' X =2k ; X =k _

2.5 System of non-homogeneous linear equations |
If atleast one of the values on right-hand side of the system of equations

G, x,+a;,x, Foorovierat G X, =b’
a)l'rl +an_l'2+ ........ +ﬂ2‘x*=b2
B Xy 48y B Finisionss tax,=b, sl
s 00n-2610 (i, cach of b, b,....., b, are not simultaneously zero) then the
called a system of non- us linear equation. 3

lndnmixfmsyum(l)canbercpresentedasﬂ=3. : ".
Here B is a non-zero column matrix formed by the constant values present on the rhs of (1)

2.6 Consistency criterion
ety ook the consistency of the given system 4=

il
=
Ll

B, we have 1o first form the augmem:g

.....
--------------------------
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Example : 1

Verify the system x+y-z=1
dx+dy-z=2
6x + 6y + 2z =3, for consistency and hence solve.

Solution :

= PA:8)=3andp(4)=2
Le., p(A:B)*p(AJ

© O

I
0
0

The augmented matrix is

3
0

17 /50
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Definition: mfﬁ‘“*”’ﬂi“l“ﬁﬁoﬂudaﬂhd.ﬁia
polynomial equation of degree » with the unknow A. On solving the characteristic equation we get7-
hhkhmn&d-uh*amm«hﬁmda
square matrix 4.
Corresponding to each eigen value A, of A there exists a non-zero vector X such that
A-ADX =0 or AX=3X
SﬂwahﬂduhmvmrumncmmmmofA
corresponding to A, .
“&grﬁhh‘*vﬂn&eﬁnm

[ﬂu a, n.,]
If A =@, @3 ay| isagiven square matrix
O ay ay
Step (1) Form the characteristic equation

U-M| =0

w—A  ay ay,
ie., @, an-A ay, |=0
ay, Gy Gy-
This on expansion becomes b A’ + b A’ + b A + b, = 0 where b, 's are the numeric constants.
Step (2) Solve the above cubic equation to get the eigen values A=A A, & A,
Step (3) To find the eigen vector X = (x, x,, x,) corresponding to A = A, form the system of
equations (4 ~ANX=0

a, - 4y a, x 0
8 oxp-A o, 5| =|0
ay, ay, ay-A ] |[x 0

or (‘ll"’i)‘l+'tr‘l+‘!!‘l =0
a, 5 +lay-A)5tay = 0
‘n’n+‘nx!+(‘n'll)" =
Step (4) Solve the above system to getx,, x, & x, Then X'= (x,, x,, x,) is the required eigen vector
comresponding to A, _
Mep (5) Rc-pcalc!hcﬂqlf})&“)ral"ﬁ‘%”mu'“wwwh)ﬁa
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(Continued) o]
= X%,=4,x,=3

~ X'=(4, 3) is the eigen vector corresponding to A = 6.

Further to find eigen vector corresponding toA =—1:

Put A=-1in(2)

3+1 4 X, 0
e o]
4x,+4x, =0

x Xy
=’3.r,+3x2=0} = x|+11=0=x|=—11=9:"1‘"= Tﬂl (say)

= X ==, x=1
Thus X'= (-1, 1) is the eigen vector corresponding to A =—1.
Hence L = 6 & X=(4,3)
A = -1 & X=(-1, 1) are the required cigen values & eigen vectors.

~ Example : 2

4 3
Find eigen values & eigen vectors of 4 = [ ]

T
Solution :
Consider A—u=[4 3]—1[1 0]=[4_1 3]
2 9 0 1 2 9-A
The characteristic equation is

4= 3
|A-M]=0=o| 5 9_J=0=>(4—-1)(9—l)—6=0

= 36-13A+2*-6=0
= AM-13A+30=0
= A -10L-3A+30=0
= (A-10)(A-3)=0
— A =23, 10 are the eigen values.
To find eigen vectors
Let X = (x,, x,) be the required eigen vector
(A-ADX=0

3 ARG ~0
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| 6-2 2 2 (%1 [o & S
| U-MX=0=f 2 3% |lnlefo]pafi s-5 1| o1
2 =1 3-A|x 0 I,ﬂ-—E [ ] '
Case (i) For A= Z,Eqm«a(l_( 1+ {14 (R-0-+ f1- -} (-9 &
¢ 29T 4x,-5xz+2x, i ot Lot Sy

—22 ll —11 x| = z U= =24 g oy =00 )a{pxéuxi'ﬁez}(ﬁ—g =
= X3 2x, - x,+x,=0 |
) ) 7. U?=(I-§£]+ =R)+E+AB=-"A)(L-2) &=
Bymspectmnxl=1, -"z=0.1;='-2

or x = 1, x:z’x=0 0=(1-K)S+{(E-K(I-L)(A=-K) &

Thus X=(1,0,-2) & (1, 2, O)areﬂ:eelgenvectmsﬁomondmsql-r%“_“ o
Case (ii) For A =8, Equation (1) gives

f¢ ' & = - A] ~
2 -2 2||x 0 —2x, —2x,+ Zx,,U =0 A% -F\xz 23 ﬁ"“ﬂ e
2 -5 -1||x|=|0] = —2x-5x,-x,=0 #231"’5’1"":??:704(}— =

eigen vectors: Let X =
Fiad (x"xz'ﬁ) be %% ~ W zi nonsups onzrsiomads o T

2 -1 -5||x,| |O +2x, —x, — 5%, =0 2x.*xz 5x,=0
» O={l J(E—-A)([=A)— &
By the rule of cross-multiplication ‘
= =} 0=1-LA &
X . =S ey o
1 - 1 - L Pl .
5 l 2 1 2 g i 153 LS [
] [ 210719 iraa Wil o
X X5
= = =k(sa
¥ § T S A
= 22D k=ly) o ' 0K - N
2 _l l g | | i A — |
= x| =2$ xz='—l,13=ll‘~ e L” o
Thus X= (2, -1, l)istheeige:nvector(:«mwspondmgl,_’-(;_?‘ﬁ_fs,l sissupdl b= 40 e
did Sy 2,, —l.. 1 ! | ¥ ¥l - t )
FmdclgcnvaluesandclgenvecmPfA— _lz)d'; P =l ie. TFE
Solution : 0= -1:,.--_..1,- o] |exlf! 1= 1}
Y e 1 noiteatlgolm - 22019 10 sl orly w8
1 -1 2-2
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The charactrisic equation is 4 ~ M1 =

N, S
o 1< 3=k =0

T =
(2-1){(2-1)’-1}+1{—(2-1)+1}+1{1-(2-1.)}=0

@-A) {4+ X ~ah-1}+(2+A+)+(1=2 +4)=0

=»

= (2-) (M -4r+3)+A-1D+QA-1)=0
= (2-M)(A-1)R-3)+2(A-1)=0
(-1 {2-1)(r-3)+2}=0

U

U

(h=1){22-6-27 +31+z}=0
~(A-1)(F*-5L+4)=0
-(A=1)(A-4)(A-1)=0
A-1=0,A-4=0,A-1=0

A=1,4,1

*  The required eigen values are L= 1, 1, 4

To find eigen vectors: LetX=(x,,xz,x,)besuch that

2-A -1 1 X 0
A-ADX=0=| -1 2-1 -1 X, |=
1 -1 2= x5 0

I -1 1 X 0 Xy =%, 4, w0
-l l "l x] = 0 = —xl+xz_x3=0
1 -1 1] Xy 0 X — X, +13=0

By the rule of cross - multiplication

L S (N
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e —— :F#;:W ' u( a4 a, ﬁhﬂd,!kf?»f..fh.
it aendadh(h ) 1) =4 20LE 0N

T 5 B mastBe & oiial Bf dégree n— |
Wms""’m"m'ﬁbn i “p;-:im.a . f10t (1- 8.0 = = B
Equating the coefficient b

Ab b yl=a, ] = Ab y=b s=a.,] c-fwi(l.1.8)=%; 14-,5_:..
£=L100 (E- .1 b-)=K ;

Aby-bi=al = Ab-b=al I-= K16t (2 2 .0) =% 3
{ o e B (0 42 — _‘;:,3_.{]0}\._}__\‘[_&_']: “!

Promssltiplying bithistts' e shovd BB yoapaciiooly By T4 47 S

we get (A=A d.d)= L (GA-40= X ol

| e

A= K (S IS 2= X

Mine: | i o et Lo ms109ilt noMimaH-yal¢sD 01
A by~ A" b = g™ 8pPeups siznonsweds 2 2ofteitge xivsm Ssupe viovi : immsield B
~A"by=A"ay1

0=a,l+da,  I+Aa, I+
(

0
Ao+ Ko+ Ko =M=l W
et A" @ 14+ A" a1 ot b
€ all'the terms on LHS canice] with each other)
........ +a,, A’+a,_,A+a, =0 2w
H the ix A satisfies the c} istic G Jadt wonsd sW
ote : Cayley-Hamelton theorem can be inverse g ;
e : Cart can wmﬁwmehv&i:tarammm\mu
mwﬁﬂmﬂ)h’f‘"“w - | =(h)bn - K &

=

........ *a 0} VM- ik -k) &= (I
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[21-30+7+2 0 34-48+14
=| 12-12 8-2441442  23-3047
34-48+14 0 55-78+21+2
[0 0 0
=10 0 0
0 0 0

i€, A—642+74421=0
Thus, A satisfies the characteristic equation.
Hence the Cayley-Hamilton theorem is verified.

Example : 3
T gty
Showthat | 4 7 satifies the Cayley Hamilton theorem and hence find its invers
-4 -4 4
Solution :
|-',7 4 —1..
Let A=l g T
4 4 4]
B e e
= A-N = 4 TR ERoNING
<4 -4 4] o o
[7-% 1% 5
| 4 48
708
=[A-M=0= |4 7.2 _1]=9¢

47 Ly Mg g

= (7—?»)[(7%)(4—1)—4]—4[4(4—1)-4]-1[-16+4(H)]=0,
= (7-1)[24-1IA+X]-48+16A-12+41=0.

= 168—T7TA+7A* =24+ 11* = 2% = 60 + 201 =0
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24 -12 3
L 13 A3

= — | -

This is the required inverse of 4.

Example : 4
3
Verify Cayley-Hamilton theorem for 4 = [—-1

24° =34 + A* —41 =1384 - 403/
Solution :

PRPEES)

3 i 1 [3-
A_M=[ J__ll 0] f3-&. .2
-1 2 & A} | =t 2=%
<141
= |4-Al=0 = !J_I 2_)4=0=>(2—l)(3—l)+1=0=>6-51+2\-.2+l=0
- = A-51+7=9
This is the characteristic equation of 4.
Now to show that 4% —544 77— 0, consider
A2=A‘A=[3 1713 11 [8 s
-1 2){-1 2] |5 3
Consider 42-5A+71=[8 5]—5[3 : +7 ik ol
) g N 01=oo]=0
e, A-54477=0
Hence the Cayley-Hamilton theorem is verified. =
Now (1) = A =54-71
= A’=5A2—7,41=542—7A ---(3) (Mulnphe;;y(j))
i 3 2
: js : j:; -:j} —-(4) (Multiplied by 1)
=54%_ —-(5) (Multiplied by 4)
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e T

o U-M=0=|-c -1 a|=0=-A(¥+d")-c(cA—ab)-b(ac+b}

b -a - ._

= K -’ -\’ +abc—abc -\ =g

= A +A(a’ +b’+c’) =0, is the characteristic equation.
Now to show that A’ + A (a” +b” +¢*) = 0, consider

0 ¢ -bl]0 ¢
AA=A. A=|-— 0 all-¢ -G %
b -a 0||b -a 0

&

¥ +) ab g
=| a —(d+) ke
i be ~a* +4%)

L «¥*+) o g
A =L£4=| » ~(a* +c?) = s

s 0
L-——-—_.J

2 g ' ~be-dc be® +5° + g%
=| @c+blc+c? 0 —ab? ?
~@b=-8-b 4 4t 4 —o = )

= ~(a 457 42 il
)l 0 4
b -a 0

Y

o AJ*(az+bz+c2)A‘=0

Hence 4 satisfies the Cayley-Hzmilton theorem.
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Exercise

0 01
. Verify the Cayley-Hamilton theoremfor | 3 1 0 :
=2 1 4

2. Verify the Cayley-Hamilton theorem for [: ﬂ :

E 8%
3. Showthat| -1 0 3/ satisfies the Cayley-Hamilton theorem.
e N
RS
4 Showthat|0 2 0| satisfies the Cayley-Hamilton theorem.
199"
[2. 254
| 5. Show that I 3 1] satisfies the Cayley-Hamilton theorem.
| bk 1 2
2.5
6. Verify the Cayley-Hamilton theorem for |1 3 1
K= 2D
F &N,
7. FindA'forA=|2 1 2 |using Cayley-Hamilton theorem.
1 222
PR L
8. Find4'forA=|1 3 5 | using Cayley-Hamilton theorem.
Lc5) 12
Answers
5 0 0 i 11 -9 1
l.%-—340_ 8.5—79-—2.
2 -1 1 &3 1
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