CHAPTER 5
CONNECTIVITY

5.1 Introduction
The connectivity of a graph is a particularly intuitive area of

Graph Theory. The connectivity extends the concepts of cutvertex
bridge and block. The vertex connectivity and edge connectivity ar;

useful in deciding which of two graphs is more connected.

5.2 Vertex Connectivity and Edge Connectivity
Let G be a connected graph. We have known that if G containg

a vertex v such that G—v is disconnected, then v is a cutvertex of G,
Also if G contains an edge e such that G-e is disconnected, then e isa
bridge of G We now consider extensions of these two concepts.

Definition: A subset U of the vertex set of a connected graph G is
said to be a vertex cutset of G if G-U is disconnected provided

removal of no proper subset of U disconnects G:

/' Definition : A subset ¥ of the edge set of a connected graph G is said
to be an edge cutset of G if G-I is disconnected provided removal

of no proper subset of /¥ disconnects G

~ Example 1. Find (i) two different vertex cutsets and (ii) two different

owing graph G.

<" edge cutsets of the foll
_ v,

Figure 5.1
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3 g U, = {v, v, vpand U, = {v, v }. Then G-U, and
tion: Let U, s Yo ¥y 2 » Vs : e
X 5"'; are both disconnected and removal of no proper subsets of ¢/,

§ L’:j /7. disconnect G. Therefore U, and U, are vcrtc'x: culsc}s, ]
W7 et W, =(e, ey e, ¢} and W, = {e, e, ). Then C’_—W.- an
: 7, are both disconnected; and W, and W, do not contain proper

15’50 cutsets. Hence W and IV, are both edge cutsets.

e note that :
;W@] - The set of vertices {v,, v » Y,/ is not a vertex cutset of G,
" pecauseone ofits proper subsets {v » V. isavertex cutset.

5, Theset ofedges e e e } isnotan edge cutset of G since one
" ofits proper subsets {e,, e } is an edge cutset.
3, Therearemany other vertex cutsets and edge cutsets in G

We note that an edge cutset always cuts a graph into two
\ culm;;cul"-ﬂ'“-'s' .
ffl‘ mple2. Show that every edge of a tree is an edge cutset,

golution: Let Tbea nontrivial tree. Then the removal of any edge e
jum Tbreaks the tree T'into two parts. Thus {e} isan edge cutset of 7,
i

immple 3. Show that if G is a connected graph and U is an edge
?#sxwith A(G) edges, then G—U contains exactly two components.

ition: Let G be a connected graph. Let U be an edge cutset such
4(G)=|U|. Thus removal of A(G) edges from G results in a

fixonnected graph. Since an edge cutset always cuts a graph into two

;_:?jn. onents, it follows that G—U contains exactly two components,

mple 4. Prove or disprove : If G is a connected graphand Sisa

;-:.'» cutest with x(G) vertices, then G—§ contains exactly two
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Solution: This statement is not tru¢ always. For example, ?DI!Sider th
graph G=K,, Then since K, has a cut vertex, say v, it follows thy
4 \

x(K ) =1and §={ Clearly x(K,,) = |S|. The removal of
\'crt;;::cs from G produces a disconnected graph with 4 components
Thus G=S contains more than two components.

Example 5. Show that every bridge of a graph isan e{?ge cutset,
Solution: Let G be a connected graph and e be any bridge of G. Th
deletion of e from G results in @ disconnected graph. Thus fe} is

cutset of G.

Definition: An edge cutset with respect to a pair of verticesaand b {
a connected graph G separates vertices @ and b such thata and b |j

into two different components.

_Example 6. Find all edge cutsets with respect to the vertex pair v, v
v,

in the following graph. v,
o Y& ", 7,
G ¢ &
v @V, Vs
(a) OB ()
Figure 5.2

Solution: Theset {e,. e, e,, e } is an edge cutset with respect to the
vertex pair v, and v,. The removal of an edge cutest {e,, e, e, ¢
from a graph G results in a disconnected graph into two components,
see Figure 5.2(b). The vertices v, and v, lie in two different components

Similarly, we find other edge cutsets, They are
fe,e.e) {e,e e el fe e e el fe e.e e}fe, e, el

fe,).
These sets are edge cutsets with respect to the vertex pair v,
v, in the graph G of Figure 5.2(a).
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1a'7: Fibd all e cutsclawilly respoct A0 (he veriex pairvy Ve

pmP ‘
f;.:]‘:c lhllm\'ing g_mpll G.

Figure 5.3

The Sct"[{[ﬂ 4 (;—hl e?} is an edge cutset with respect 10 the
v.. The dele
A etion of an edge cutsct {e, €, ¢,/ from a

ces a disconnected graph into two components, se€
re in two different components.
rtex

colution®
ﬁ::ﬂc!i pair Vs

ph G produ
5.3(b). The verticesv,and v a

The following scts are edge cutsets with respect to the ve
y,in the graph G of Figure 5.3 (a):

1. {ey e eyt

2. {Er € ‘?MPrl

3. {ey €y cm}'

o ir"'r

Yertex Connectivity
o enition: The vertex o

=:Lf‘s oh G is the minimum nui
ssults in a disconnected or trivial graph.

nnectivity or simply connectivity x(G) of
nber of vertices who removal from G

T ple 8. Show that a graph G has x(G) =0 if and only if Gisa

- cted or trivial graph.
=(. Then G is
ial graph. Then clearly x(G) =0

disconnected or trivial.

tion: Suppose x(G)

Suppos G isa disconnected or triV
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acycle with p=3, then x(C) =2,
le with p=23. Then the deletion of,,
pwith p-1 vertices. We consider i

how that if C, 1S
C'p jsacyc
Its in a path

Example 9. S
Solution: Suppose
vertex from C, resu
cases.

Case 1.1fp=3; then P=K,. The removal ofany vertex of K, results i

a trivial graph.
Case 2. Ifp>4,then P hasa cut vertex. The

P results in a disconnected graph.
From the above two €ases, We have x(C )= 2.

removal any cut vertey o¢

Example lg Find the connectivity of a complete graph K,,'

Solution: The complete graph K, with p22 vertices can not be
disconnected by removing any number of vertices, but the deletion of

p—I vertices results in the trivial graph. Therefore
x(K p) =p-I for p22. (1)
Considerthe complete graph K . The removing the empty set of vertices
from K, produces the trival graph. Therefore
x(K )=0.
Thus from (1) and (2), we get
x(K )=p-1 for p21.

Example 11. Find the connectivity of K, where 1<m<n.

ﬁ::lsgﬁmm’l"ge vertex set Vof K . 1<m<n, can be partitioned int
ofr< Jr::rs'f:ertit‘ff:asn::tjtj;3 S;zh that |V)|=m and |V,|=n. Then the removz
removal of g oA mK  producesaconnected graph. Butth

mverticesof V, fromKproduces the disconnected grap

K,.Hence x(K ) =m.
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i

. ample 12. Show th _ o
,ﬁ’"mp atthe vertex connectivity of a nontrivial tree is
’-oﬂe'

i ion: Let Tbean -

,ﬁ? Jlowing two cases. p vertices. We consider the

gse 1. SUPPOSE p=2. Thep 7= p
F 3

.E ! ppﬂdﬂﬂes the tl'i\"ial graph_ Thug. The ddeﬁon Ofany vertex from
M

X(T) =1,

gioe Connectivity

_ Miﬁon : The edge connectivity 1(G) ofa
# orof edges whose removy

*

WPIE 13. Shr:_n‘:f tlhal agraph G has 2
| ected or trivial,

. - -
 glation : Suppose AG)=0.Then Gisa disconnected or trivia|

graph G is the minimum
| from G results in adisconnected or

(G) =0if and onlyif G is

5

! Convct:SC.le suppose G is disconnected. Then AMG)=0
gpose G s trivial. Then G=K - Clearly removing the empty set o;f

from K, produces the trivial graph. Therefore AMK)=0,
ple 14. Show that IFCF isa C)fcle with P?.3, then A(C') =2

Willion: Suppose C isacycle with p> 3. Then the removal of any
f;, results in a path 2 with p vertices. Since every edge of P
P itfollows that the removal of any edge from P resultsina
¢d graph. Hence .(C )=2.
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Example 15, Determine A(K,,.). where i<m<),

Solution: The vertex set V of K (i€m<n) can be
two disjoint sets such that v s

" : =mand [V | =y The
r=m edges from K., produces :

oy < 1the removy]
. o onnecled graph, Byt re
edges which are incident with any vertex of 17 Y moval g

resulls in a di
graph. Then A(k )=p; 2fesulis madisconng,

m. n

Partitioneg i

Example 16. Find (he value of A(K )

Solution: Consider § - The

addition ofempty set of edges fi
results in a triyial graph. Thus S L

A(K )=0. (1
Now consider K, p22. The removal of any p-2 edges of g

produces a connected graph; but removal of p-/ edges which o]

incident with any vertex of K, produces a disconnected graph. Thug

AK J=p-1, p22, ()

Thus from (1) and (2), we get
AK A= 01, pal,

Example17.Let Gbea graph with x(G) = 1. What are the possib|
values for the following numbers

(i) (G —v) i) x(G-e)

iif) A(G-v) iv) A(G-e)?

Solution: Let G be a graph with x(G) =1.

Then G has cut vertices or G=K,

1) We now find the values of x(G-v) and A(G-v).
Ifvisa cut vertex of G, then G-y is disconnected.
Also if G=K, then G-v isatrivial graph.
Hence x(G-v)=0
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and Aoy g il

¢
We now find 1h
. ey . 5
?) Alues —

Suppose €7 = = =e) s :
PPOSEG = Ky Then Gy, o Ay

i In this case Y2 Whigly iy

x(G—e) = ()
A(G—e) = 0.
‘ Suppose G#K . Sine
&_ﬂsidcr the following cageg.

tlmcmmcctcd

cﬁ((})-._-‘r‘ (7 hiae

a uuwt:rh:x. We now

2 '.hcn G__ it "
x(G—e)=0 e “'*‘ﬂun"cctcd,

-
L

2. If G has no bridge, thep ey .
M cted and has ¢ °Ty edge ¢ is on cycle, There
wpisconnec Sacut veriex. - Hherclore
x(G-e)=1.
~ Wesec that G—¢ may or May not contain a bridge
8 (G-e) 2.

o
T

Exercise

Show that a graph G is not complete, then x(G) is the minimum
cardinality of a vertex cutset of G.

Show that a graph G is not trivial, then 2(G) is the minimum
cardinality of an edge cutsetof G - |
Find all edge cutsets with respectto the vertex pair v,, v. inthe
e h G in Figure 3.1. | -
. gans all edge cutsets with repect o the vertex pair v, and v, in
B the graph G in Figure 5.2(a).

. ) :"#;%?:
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10.

Find the edge cutsets with respect 1o the vertex paiy V¥ i
the graph G in Figure 8. 3a). :
Show that i v is u vertes of atree such that deg v 22
IS A vertes cutset,

Find (D two ditferent vertex cutsels

and G two dillerem edge cutsets

each afthe following graphs,

theyy v}

-
A
Find (1) the connectivity and (i) the edge connectiy ity of eae
of the following graphs,
hn. '.z-"" " ,-""
ﬂ, l -~ \\.._ h'! ' .\‘\ N
. .
N — ——p
N— CVa
o) | E d)
l i \\ /
— l .
Show that (1) x(G) = AfG)
G)x(H) = AtH)
where graphs ( and H are shown below:
——————
G: l H:
Find the values of
ik J ) x(C)

i) X{K } iv) x(P )
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. watif G is aconnecteq
; :’Ig' show tha gl‘aph wlth
; a

i‘; (G) iy “Uvertey, then

powthatif P S2nonTVialpaty
=] .

W tifGisaconnected -
i ow i graph wity ab“dg“‘&nl(g)
3 i

gow thatif P isanontrivialpath ey ) o

S T

.

3 g},:'ve that if G is a connected cubic

: graph wi
f-,, ;(G)-—'Z(G). PI with

A Cutverte,

o el

g o vethatif P is a path, thenx(G) = A(G).

4 - vethatifC, is a cycle with p>3 vertices, thenx(G) = 4().

o

‘_' , an example of a graph withx(G) =A(G)=3.

 hatif G is a cubic graph, thenx(G) = 4(G),

L

~that the edge connectivity of anontrivial treeis one.

thta graph G has connectivity 1 ifand only if G=K or
e 2 connected graph with cut vertices.

bt G isa (ng) gaphandg B0

ok

PRer -
| Ry
B r



