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Spanning Subgraphs

Definition: A spanning subgraph of a graph G isasubgraph congy,,
all vertices of G

Example 2. Draw two spanning subgraphs ofthe graph G shoy,,
Figure2.1.

Solution: The following are two spanning subgraphs of G since ¢y,
of which contains all verticesof G.
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Induced Subgraphs

Definition: The induced subgraph < 5> ofa graph G is the maxim;
subgraph of G with vertex set S where S is any set of vertices of G.

1t is clear that two vertices of § are adjacentin <85> if an
only if they are adjacentin G.

Definition: For any set F' of edges of a graph G, the edge induce!

subgraph < F > of G isthe subgraph of G whose vertex set is the sel
of'ends of edges of F and whose edge setis F-

Example 3. Draw an induced subgraph of the graph G shown in Figure
.5l 2

Solution: The following subgraph G, of G isthe maxiima|

G with vertex set { 1.3, 4, 5}. Therefore G, is an induced
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Example 4: Draw an edge induced subgraph of the graph G shown in
Figure2.1.

Solution: An edge induced subgraph G, of 7 is given below.

2 |

—
e
+ —a
3 4

Example 5. Find all spanning subgraphs of the following graph G.
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Solution: The following are all spanning subgraphs of G, since each of
which contains all vertices of G.
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s nmmal of an edge ¢ from Rrph G yields i
] : wofl' : Juon ining all vertices of G and ol :

ik ot of G exg
2 Spanmng » fin y « oS of G g,

Examphe 6 Show that I, L
e and ¥ are not adjacent vertices in (G, then (he addition

Soletion. The gragh K, isamoll graph with p vertices. It contain, o pﬂﬂ"“:- e il the graph G+ € with the vertex set ¥ and e

vertices of £ Therefore K, "ﬂmorr{ :;::\4'1 t
sode that
Example 7 Show that an induced subgraph of a complete grapy e :. spanning subgraph of ¢
compesc. 1] ', is the smallest supergraph of
" - bl

Solution: Let § be o vertex set of a complete w.b' Let S bey yrasw the following subgraphs for the graph G shown

subset of . Thes < 5 > s an induced subgraph of G. Since every pay E"mpll'!"

of vertices of G are adjacent. it follows that every pair of vertices of polo

< § > are adjecent. Hence < 5> is complete y

‘H and also : B e il adle oaT
Example 8 Fdﬂ”“dx, ;| iraw the ﬂr‘lP"’ G+ ¢, where u, and u, are v
- ad « i
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xample 9. Show that if every induced U ”
P22 vertices iluﬁmmﬁblﬂmm‘.mum \\l/’

Salutwon -
Solution .la.!a‘huyudmdﬁ'lhh A
<S> i the maximal subgraph of G and is a mull Mw . B " .
mqummmuabw-' '..s'"'""' r -
sanull graph Hence G is a null graph. e of G | .
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The removal of a verex ¥ from G produces the subgrap,

D
of G shown in Figure 2.2(3)
3 mmddn#em(?pdmwmbmh,_

of G shown in Figure 22(%). ;
The addition of an cdge ¢, o0 the g7aph G 8IVES the gr,,

Gre, :hqunFigRl?(ﬂ- This graph is the smaj,
sspcrgreph of G.

Example 11. Show that the removal of 2 vert=x ¥ from K (».
prodecesacompicic graph K -

Selution: Let v beaverexof X (p2>2). Then K — —yisthe subgraph
xdnnww&mmm vfrom K toget:.

with all edges incident with ¥. Tis implics that K — is 2 comp
graph with p—1 vertices. Thus

3

K—v=£

From Example 11, we ssethat ifG=K , thenGand G =
Mnﬂ-ﬂhhﬁmsnm&rm&w
Now we bave the resalt.

Example 12. Show that, by 2n example, if G is regular. then G—
not regular,

Solution: Suppose G is acycle. Then G is 2-regular. The removal «
amy vertex v from G produces a path. Clearly a path is not reguls
Thus G—v is not regular.

1. Draw zll spanning subgraphs of
DK, iK,~e K _,

2.

10.
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Draw all spanning subgraphs of (C, defined in section 2.3)
0, i) C,—e i C,—v

Draw all spanning subgraphs of (P, defined in section 2.3)
NP, ii) P,

Draw all spanning subgraphs of (K_ _ defined in section 2.5)
DK, K, —e K, ,

Show that every graph with p vertices is isomorphic ma
subgraph of X .

Show that ifevery induced subgraph ofa graph G iscompicte,
then G is complete.

Prove or disprove: If G is regular, then G—v is regular.
Draw three different connected subgraphs of K .
Draw

1)  twospanning subgraphs
2)  twoinduced subgraphs of the following graphs.

B0 Do (]

Define
)  aspanningsubgraph ofagraph
) an induced subgraph of a graph.
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1.3 Paths and €

he vertices ol .I[‘IHF A i-v walk of Pefinition: A =

i Y
Definition L.t i and :
fernating sequenc ¢ 0 vertices
ending with vertex v, such that every edge is incidey

aceeding and following it.

.lll(l('li_"l"l"i.lF.hl nnin

veriex o

5 olv 1
ces immediately pr Example 13.G

two vertl

. 1 itie T H e -
Definition; The vertices wand v are called the initial and tern,  sotution
vertices of a w=v walk respec tively and other vertices iis intermnal ve
.
: P
Definition: The number of occurences ofedges in awalkis call .
-
length
Definition: A walk is called trivial if'it has not edges
Definition: A u-v walk is closed if w=vand is open otherwise
e MR g - 1) ! 1 It ~h ie not
Definition: A walk is a trail ifall the edges in it are distinct. > i
ce } - -
Definition: A walk is a path ifall its vertices (and then nece 7 ¢ patl
. ) - not a path,
the edges) are distinet fce
Clearly every path is a trail. But every trail need not be a p: ) pe P
Definition: A u-v path is closed iFu= 43 S v isa = ve e
Definition: A nontrivial closed path is a cycele We now present ¢
A nontrivial closed path ofa graph ¢ scalled acyeleof G Theorem 2.1. Every u-v w n

| Drefin

1t A eyele is odd or even if its lenath is o VT B Proof: Let W bea u-v walk in a graph G (F W is closed
o Ihus supj

neth misan g -yl agraph G. It may |

Definition: A cyvole of I

A &\
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~urs in W more than once the

e lab—ﬁliﬁ:m:gmm;ueﬁ are vertices of G which ;:Cf:;u:

:wip:ep.nr more, Let ] be the smallest positive integer such th,
exists { <j witha, = - TTThe VETUiCES U, U, 3y w14y, ATE deletey
7. thena - walk ¥, is obtained having fewer vertices than th,
If no vertex is epeated in ¥ . then W, is a v path. I this i
case, we continue the above procedure untils finally arriving 5, ,
walk which isa u-v path.

Theorem 2.2. If G is a graph with 6(G) 2 k. then G hasa pay
length k.

Proof: Let v, be a vertex of G, Choose v, adjacent to v,. Since ¢
2 k, it follows that there exist at least k-1 vertices other than v w
are adjacent 10 v,. Choose v, # v, such that v, is adjacent to v
general, having chosen vertices v, v,, ..., v, where I<i <&G). i

existsaw-mexvm #V), V. ... ¥, such that v, isadjacentto v . T
process yields a path of length k in G.

Theorem 2.3. A closed walk of odd length contains a cycle.

Proof: Letv=1+ V. ¥

s ¥y« s ¥ = v be a closed o
it o Vs Va A ac walk of odd len;
;V:pmveﬂle result by induction.
3. i isi
mﬂtism?om Then this walk is itself the cycle €. Hencet
Assume the result is true walks
Ifthe given wakkoflmg? ks oflength ess than
true for n, nisitselfa cycle, then the resul
[fnul. ﬂ'lmexmtw iy
=p o i :
#0.i#m and v, =y Now positive integers i and j such that i
v" vﬂ- el ]
and u=y l”” v‘

Lg wey ¥ b
vy "vhl"“-".-‘-'u
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are closed walks contained in the given walk and sum of their lengths is
. Since n is 0dd, it follows that at least one of these walks is of odd
length, which, by induction, contains acycle.

Exercise
I. Give an example of a path of length3in K .
2. Give an example of aclosed walk of even length which does

not contain acycle.

Led

In a connected graph, prove that any two longest paths have a
vertex in common.

Prove that a connected graph with p = 2 vertices isa nontrivial
path ifand only if

ideg»g =4p-6.
=l

5 Show that if G is a graph with minimum degree &G) 22, then

G contains acycle of length at least §G)+ 1.

6. Define
i)awalk ii) atrail
1ii) a path iv)acycle
with an example.

2.4 Connectedness and Component

Definition: Two vertices u and v of a graph G are said 10 be connected

if there exists a u-v path in G.
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alled a bipartite graph or b
“ igraph if the
ed into two d:gomtsubsetsv’ and ¥, such
s avertex of 7/, toavcrtexofV

ko bipasits gl il s
emhvmqf? ,Is joined 1o every vertex b
and ¥, contams n vertices, then the Iy

is denoted bYK... Thegraph K isastar. -

vl v}
A Vs 3
(b)



, s complete bipartiz graph, thenithas
Therefore K, _has || veriices snd 28
bipartite graph K . has |8 verices and 77
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'mof |4 ,witha venexof V.,

ere is an edge uv joining two vertices of
paths from u and v and from v 0¥
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Solution:
i) The g,raph G, has on ly eve

2.8,G,is blparme
ii) The graph G, has onl
is bipartite. |
iif) Thegraph G, has only even cycles. Thus by Theorem 2§
is bipartite.

n cycles. Therefore by Theg,

y even cycles. Thus by Theorem 2.§

Example 30. Using characterization Theorem 2.8, show that;

following graphs are not bipartite graphs.

Solution: _.
i) The graph G, contains a triangle. Thus by Theorem 2.8,G
not bipartite.

ii) The graph G, contains a cycle of length 5 which is odd c)¢
Thus by Theorem 2.8, G, is not bipartite.

Exercise

1. Which of the following graphs are bipartite graphs ?

)

Which of the following graphs are bipartite graphs ?

)% i) K,
mc,, n22 v)C, n2l
V)P;;f nz2 Vi)P;,,,,HQI



